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We analyze the effect of a bath of spins interacting with a spin system in terms of the equation of
motion technique. We show that this formalism can be used with general spin systems and baths,
and discuss the concrete case of a Quantum Ising model longitudinally coupled to the bath. We
show how the uncorrelated solutions change when spin-spin correlations are included, the properties
of the quasiparticle excitations and the effect of internal dynamics in the spin bath.
I. INTRODUCTION
Spins systems are among the most studied models in
physics, but their properties are also closely related with
systems in many other fields of science1–3. These mod-
els are interesting because they display many emergent
phenomena due to collective effects, and in addition, be-
cause of their relevance in the development of quantum
computers4. Most works on spin models mainly consider
closed systems and study the equilibrium phase diagram,
the critical exponents, and more recently, also the quench
dynamics5,6. Less it is known about these models in the
presence of environments, specially for those described
by a collection of localized modes. These are known to
produce radically different effects than the usual oscil-
lator bath in certain regimes7–9. As the coupling to lo-
calized spin environments is generally not weak30, the
calculations are generally non-perturbative and must be
done carefully, which implies that in the case of quan-
tum models, the effect of correlations can become quite
important.
For practical purposes, the study of spin models has
recently become more important due to the develop-
ment of the first quantum simulators and quantum
computers10–12. In this case, environments are ubiqui-
tous and its interaction with the quantum computer dur-
ing the computation time needs to be properly under-
stood – e.g., the fate of the quantum critical point (QCP)
during the quantum annealing process, in the presence of
an environment. In the case of quantum computers made
of flux qubits, spin environments can be produced by
paramagnetic impurities and nuclear isotopes in the sub-
strate, and even if they weakly couple, their effect in the
dynamics can be non-trivial13. Also it has been shown
that for superconducting qubits dielectric loss can domi-
nate, and it is produced by effective two level systems14.
To understand the physical effect of spin bath environ-
ments we study a spin model coupled to a set of localized
spins. We use the equation of motion (EOM) technique
for the Green’s functions, and a decoupling scheme based
on a hierarchical expansion in terms of correlations. This
approach transforms the EOM into a Dyson’s equation
for the Green’s function, with explicit non-perturbative
expressions for the self-energy, which include a full fre-
quency and momentum dependence. Hence it can also
be used to study quantum dynamics of excited states,
as already shown in15. The lowest order solution agrees
with mean-field (MF) treatments and can explain some
general features of the effect of a baths of spins, as the
solutions are solely characterized by the connectivity be-
tween Ising spins and bath spins (i.e., the three differ-
ent coordination numbers that one can define for this
model). Higher order corrections depend on the spe-
cific details of the bath, however, we numerically solve
the self-consistent equations for some specific cases and
demonstrate that quantum correlations tend to suppress
the effect of the bath of spins, with respect to the MF
calculations.
II. MODEL AND METHOD
We consider a model with a central system and a
bath. The central system is made of a set of interact-
ing spins coupled to an external field ~B. Similarly, the
bath is made of a set of spins as well, but we assume
that these are non-interacting, although they can be af-
fected by an external field ~∆31. The total Hamiltonian is
H = HS + HB , where HS and HB are given by (Greek
indices specify the direction of the spin vector and latin
indices label the different sites):
HS = −
∑
µ,i
BµS
µ
i −
∑
µ
∑
i,j>i
V µi,jS
µ
i S
µ
j (1)
HB = −
∑
µ,l
∆µI
µ
l +
∑
µ
∑
i,l
Aµi,lS
µ
i I
µ
l (2)
HS corresponds to a general spin model coupled to an
external field ~B and with arbitrary interaction V µi,j , while
HB corresponds to the bath Hamiltonian which couples
to a field ~∆ and interacts with the central system via
Aµi,l. To study the properties of the system we define the
next double-time Green’s functions16:
Gα,βn,m (t, t
′) = −i〈Sαn (t) ;Oβm (t′)〉 (3)
Y α,βn,m (t, t
′) = −i〈Iαn (t) ;Oβm (t′)〉 (4)
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2where ; indicates that the Green’s functions may be a
time ordered, retarded or advanced. Also Oβm is some
general spin operator at site m (i.e., it can represent a
system or a bath spin). The equation of motion for the
Green’s function is:
i∂tG
α,β
n,m = δ (t− t′) 〈
[
Sαn , O
β
m
]
±〉+ iµαρBµGρ,βn,m (5)
+iµαρ
∑
i 6=n
V µi,nG
µρ,β
in,m −
∑
l
Aµn,lY
µρ,β
ln,m

where [. . .]± refers to anti-commutator or commuta-
tor, respectively17,18 (i.e., to a fermionic or bosonic
Green’s function). We have defined the three-spin cor-
relators Gµρ,βin,m (t, t
′) = −i〈Sµi Sρn;Oβm〉 and Y νρ,βln,m (t, t′) =
−i〈Iνl Sρn;Oβm〉.
An important feature of many-body systems is the hi-
erarchical structure of the EOM, where interaction terms
produce higher-order Green’s functions. To deal with this
hierarchy, one needs to devise a method to decouple the
infinite set of equations into smaller blocks, which cor-
rectly captures the regime of interest. For that purpose
we separate the Green’s functions into their uncorrelated
and correlated parts: Gµρ,βin,m = 〈Sµi 〉Gρ,βn,m + 〈Sρn〉Gµ,βi,m +
Gµρ,βin,m (we will use calligraphic letters to denote the cor-
related parts). This separation is completely general and
just transforms the initial EOM for the two-point func-
tion in two coupled equations, one for the two-point func-
tions and one for the correlated parts. Physically, the
terms 〈Sµi 〉Gρ,βn,m + 〈Sρn〉Gµ,βi,m are similar to the Hartree
and Fock contributions. They capture the average effect
of all the other spins on the two-point function, while
the correlated part Gµρ,βin,m contains the corrections due to
correlations with additional spins.
Our approximation to close the system of equations
will assume that correlated parts scale in some partic-
ular way with the parameters of the system, such that
they can be neglected when they are small enough19,20.
We will organize terms in inverse powers of the coordina-
tion number Z, where Z generally denotes any coordina-
tion number required to describe the model (for the Ising
model just one coordination number is required, while for
the examples below we show that three different coordi-
nation numbers are needed. In this case the smallest
coordination number will dominate the scaling). Doing
this, it is possible to systematically include higher or-
der corrections by simply adding higher order correlated
parts.
It must be mentioned that the scaling of correlations
converges more slowly in 1D (it goes as ∼ Z−1, with
Z = 2). However, it is still an interesting case, because in
low dimensional systems quantum corrections are usually
enhanced. This facilitates the study of quantum correc-
tions due to the spin bath, and for this reason we will con-
sider the 1D case for the numerical results. However one
must keep in mind that the equations are general for arbi-
trary dimension. Furthermore, we will show that includ-
ing the correlated parts in the equation of motion, allows
to recover the exact quantum critical point in absence of
the spin bath, thus providing a good benchmark for our
results. For accurate results in low dimensional cases, the
present technique could also be combined with different
fermionization or bosonization techniques6, and straight-
forwardly applying the same Green’s function analysis.
Let us apply this decoupling scheme to Eq.5 and
Fourier transform to frequency domain. One finds:
ωGα,βn,m = 〈
[
Sαn , O
β
m
]
±〉+ i
∑
µ
µαρ
Bµ +∑
i 6=n
V µi,n〈Sµi 〉 −
∑
l
Aµn,l〈Iµl 〉
Gρ,βn,m (6)
+i
∑
µ
µαρ
∑
i6=n
V µi,n
(
〈Sρn〉Gµ,βi,m + Gµρ,βin,m
)
−
∑
l
Aµn,l
(
〈Sρn〉Y µ,βl,m + Yµρ,βln,m
)
The first line corresponds to the uncorrelated contribution, while the second line corresponds to the contribution from
correlations between spins. Notice the appearance of the Green’s function Y µ,βl,m = −i〈Iµl ;Oβm〉, which couples the
equation of motion for the Ising spins with the one for the bath spins:
ωY α,βn,m = 〈
[
Iαn , O
β
m
]
±〉+ i
∑
µ
µαρ
(
∆µ −
∑
i
Aµi,n〈Sµi 〉
)
Y ρ,βn,m (7)
−i
∑
µ,i
µαρA
µ
i,n
(
〈Iρn〉Gµ,βi,m + Yρµ,βni,m
)
Finally, one can write the equations in a more compact form using matrix notation:(
ω − Hˆ
)
· Gˆ = χˆ± + Vˆ · Gˆ (8)
3where Gˆ is a vector containing all the system and bath
two-point functions, χˆ± contains the source terms com-
ing from the commutators/anti-commutators, Gˆ contains
all extra contributions from correlations, Vˆ is the general
interaction matrix for the correlated parts, and Hˆ is the
effective Hamiltonian for the two-point Green’s functions.
If the contribution from the correlated parts Gˆ is small
enough, the solution can be obtained by direct matrix in-
version. This is a good approximation near fixed points
of the RG flow, where solutions are approximately de-
scribed by free spin Hamiltonians with renormalized pa-
rameters. Furthermore, if one defines gˆ =
(
ω − Hˆ
)−1
,
the previous equation resembles a Dyson’s equation, and
from the correlated parts it can be shown that Vˆ · Gˆ can
be written as Σˆ (ω) · Gˆ, giving rise to the self-energy and
the familiar Dyson’s equation.
Gˆ = gˆ · χˆ± + gˆ · Σˆ · Gˆ (9)
III. UNCORRELATED SOLUTION
To close the system of equations one can neglect the
correlated parts in Eq.8. Then the solution for the
Green’s function is given by a matrix inversion. Eqs.6
and 7 have two contributions from each interaction term,
similar to the well known Hartree and Fock terms. If
one ignores the Fock contribution, the coupling between
Green’s functions at different sites vanishes and the equa-
tions are diagonal in real space. This is equivalent to
derive an effective-medium Hamiltonian for each spin,
where all correlations between sites are neglected. In this
case one finds poles at ωs (n) =
√
(
∑
α h
α
s (n))
2 for the
central system, and at ωb (n) =
√
(
∑
α h
α
b (n))
2 for the
bath, where hµs (n) = Bµ +
∑
i 6=n V
µ
n,iM
µ
i −
∑
lA
µ
n,lm
µ
l
and hµb (n) = ∆µ−
∑
iA
µ
i,nM
µ
i . As the Green’s functions
depend on the local magnetizationMαn = 〈Sαn 〉 andmαn =
〈Iαn 〉, they need to be determined self-consistency. Phys-
ically, this happens due to the non-linearities introduced
by the interaction term. Defining the spectral function
Jα,β (ω) = i
[
gα,βn,n (ω + i)− gα,βn,n (ω − i)
] (
e
ω
T ± 1)−1,
the self-consistency equations are obtained from the re-
lation between the statistical average and the spectral
function i2µναM
α
n =
´
Jν,µ (ω) dω/2pi16 (the ± sign cor-
responds to fermionic or bosonic Green’s function, re-
spectively). The previous solution for the Green’s func-
tions, in combination with the solutions of these non-
linear equations characterizing the local magnetization
Mαn and mαl , fully determine the properties of the sys-
tem if correlations can be neglected. Furthermore, as
in this uncorrelated case the Green’s functions display
simple poles only, one can rewrite the integral over fre-
quency as a sum over poles. Then the final form of the
self-consistency equations is:
Mαn =
hαs (n)
2ωs (n)
tanh
(
ωs (n)
2T
)
(10)
mαn =
hαb (n)
2ωb (n)
tanh
(
ωb (n)
2T
)
(11)
This result has been particularized for spin 1/2, but
larger spins can be studied similarly, as we discuss be-
low for the specific case of the Quantum Ising model.
This simple result is a good first estimate to see if the
solutions are characterized by a magnetic texture. For
example, it can capture the anti-ferromagnetic ordering
for the case Vi,j < 0. With this information one can build
more complete solutions, based on the symmetries of the
ground states.
Quantum Ising model longitudinally coupled to the spin
bath: As a more specific case, let us consider the fer-
romagnetic Quantum Ising model, longitudinally cou-
pled to a bath of spins (we set V x,yi,j = 0, By,z = 0,
Ax,yi,l = 0 and initially ~∆ = 0). In this case the poles for
the central system are ωs =
√
B2 + (V0Mz − ZBAmz)2,
while the ones for the bath are ωb = ZBSAMz. The
self-consistency equations can be directly obtained from
Eq.10 (to simplify notation we rename V0 = ZSV , V zi,j =
V and A = Azi,l). We have assumed homogeneous mag-
netization to simplify the expressions, which holds if the
system has a uniform magnetization solution. This not
obvious in the presence of the spin bath, as it can me-
diate interactions between the system spins, modulating
the initially spatially homogeneous solution. However,
we assume bath configurations which do not destroy the
homogeneous magnetization.
When correlations are neglected, the physics is dom-
inated by three coordination numbers or connectivities:
ZS corresponds to the number of spins which directly in-
teract in the central system, ZB to the number of bath
spins connected to each spin, and ZBS to the number
of spins directly interacting with each bath spin. The
coordination number ZS is well known in the analysis
of the Ising model, but with the addition of the bath
of spins, now two additional coordination numbers are
needed. Interestingly, when correlations are neglected,
the results only depend on the topology of the lattice (i.e.,
the graph connectivity), while the geometrical effects will
appear when correlations between sites are added.
An obvious question now is how the different phase
transitions are affected by the bath. To obtain the Curie
temperature, Tc we fix B = 0 and expand to third order
in powers ofMz. The solution forMz = 0 is found to be:
Tc ' V0
8
+
√(
V0
2
)2
+ ZBZBSA2
1+8|~P |+4|~P |2
6
4
(12)
It is easy to see that Tc (A→ 0) = V0/4, in agreement
with the Curie-Weiss law for the Ising model. The crit-
ical temperature seems to increase with all coordination
4numbers and with the total spin of the bath
∣∣∣~P ∣∣∣ (see de-
tails of the calculation in the AppendixA, where arbitrary
spin value for the bath is assumed). This result requires
some clarification, as it is known that the T -dependence
for the longitudinal magnetization should not be affected
if the spin couples to a single bath spin21. The reason for
this discrepancy is the lack of correlations between the
Ising spin and the local bath spin for the uncorrelated
solution. If one considers instead the electro-nuclear ba-
sis at each site, or includes correlations between the bath
and the Ising spin, both results agree. To confirm this, we
have calculated in the Appendix the deviation from the
exact solution for the case of a single Ising spin coupled
to a bath spin. It shows that the limits of high and low
temperature are well captured by the uncorrelated solu-
tion. However, as one goes to intermediate temperatures,
correlations between the two spins become important,
and the exact solution deviates from the uncorrelated
one (Fig.5 in the Appendix). This provides a practical
example of the importance of correlations, specially near
the phase transitions, and also confirms the validity of
our results near the fixed points of the theory.
Importantly, our solution can describe the case in
which the spin bath is non-local (ZBS > 1), which has
not been previously discussed. Also, as previously indi-
cated, the electro-nuclear correlations can be easily incor-
porated by exactly diagonalizing the local electro-nuclear
Hamiltonian22.
To find the critical field Bc which characterizes the
quantum phase transition (QPT) we take the limit T → 0
and expand to first order in powers of Mz:
Mz '
ZBA
∣∣∣~P ∣∣∣
2
√
B2 +A2
∣∣∣~P ∣∣∣2 Z2B +
B2V0Mz
2
[
B2 +A2
∣∣∣~P ∣∣∣2 Z2B]3/2
(13)
This shows that Mz (T → 0) = 0 is not a solution, and
the QPT between the ferromagnetic and the paramag-
netic phases is blocked due to a remnant magnetization
induced by the bath. Furthermore, this remnant mag-
netization scales as the first term in Eq.13. This means,
strictly speaking, that there is no QPT, although trans-
verse terms in the interaction can recover the QCP. In-
terestingly, all three coordination numbers appear in the
result for the critical temperature, while ZBS is absent
in the expression for the quantum critical point. Fig.1
compares the characteristic behavior of the longitudinal
magnetization in the presence of the spin bath for differ-
ent cases. It shows that at low temperatures, the longi-
tudinal coupling to the bath blocks the QPT (red), but it
can be recovered by adding a transverse field ∆x 6= 0 to
the bath spins (green). Increasing the temperature also
unblocks the transition (blue), because it disorders the
bath, but the phase transition is not strictly at T = 0.
The phase diagram in absence of correlations captures
qualitatively the different phases, but the critical point is
overestimated. For the 1D Ising model it is well known
Corr.(A≠0)
Corr.(A=0)
RPA(A≠0)
Uncorr.(A≠0)
0.0 0.5 1.0 1.5 2.0
0.0
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0.3
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0.5
B/V
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z
Figure 1: Phase diagram for the uncorrelated solution as a
function of B/V . (Black) Isolated Ising model at low T. (Red)
Ising model longitudinally coupled to a static bath for A/V =
0.05 and low T . (Blue) Ising model longitudinally coupled to a
static bath at higher T . Temperature disorders the spin bath
and unblocks the phase transition. (Green) Ising model at low
T longitudinally coupled to a dynamical spin bath (∆ 6= 0),
which unblocks the QPT as well. We have considered ZBS =
ZB = 1 for the plot.
that the exact critical field corresponds to B/V = 1/2
, and this discrepancy happens due to corrections pro-
duced by correlations. In the last section we will show
that a very good agreement is obtained if correlated parts
are added, but let us first consider the effect of the Fock
terms in the T = 0 regime.
IV. CORRELATIONS BETWEEN SPINS
In general, quantum systems are made of interacting
particles, and although their interactions may be weak,
the correlations generated by these interactions may still
have important consequences. For example, it is well
known that near classical and quantum phase transitions,
systems display macroscopic correlations, at length scales
much larger than the typical length scales present in the
microscopic model. This is a particular case of emer-
gence, where the system behaves in a different way than
the particles in the underlying microscopic model. There-
fore, it is clear that in some cases correlations are impor-
tant, and results where correlations are neglected will be
significantly affected. Another important case, present in
low dimensional quantum systems, is when due to con-
finement, the role of quantum fluctuations is enhanced.
A well known consequence of this is the absence of certain
phase transitions in low dimensional models.
To include the effect of correlations one just needs to
keep the terms that were previously neglected in the
equation of motion. The simplest contribution is the
Fock term, which couples two-point Green’s functions at
different sites. With this term added, two-point corre-
lations are captured. If the system is translationally in-
variant, the Green’s function is diagonal in k-space and
5the matrix inversion can be performed analytically. The
main effect of the Fock term is to make quasiparticles
dispersive, and to interpolate between the fixed points
of the theory, where correlations between sites can be
neglected (e.g., between the B = 0 and the V = 0 lim-
its of the Quantum Ising model). For the present case
with a spin bath, this correction can also correlate the
Ising and the bath Green’s functions (see terms 〈Sρn〉Y µ,βl,m
and 〈Iρn〉Gµ,βi,m in Eq.6 and Eq.7, respectively). This im-
plies that in general, magnons in the Ising model become
a mixture of Ising magnons and excitations in the spin
bath. Finally, the correction due to the correlated part of
the three-point function requires to calculate a new equa-
tion of motion, which in the present case will also encode
magnon-magnon interactions. Formally, it can be shown
that the equation of motion for the correlated part of the
three-point function can be written in the next form:(
ω − HˆG
)
· Gˆ = Λˆ0 + Λˆ · Gˆ (14)
once it is truncated by neglecting four-point correlations,
which are expected to scale as Z−232. In Eq.14 we have
defined HG as the “Hamiltonian” for the correlated part,
which is obtained from its equation of motion, and Λˆ
and Λˆ0 are the two types of source terms which can be
present. The solution can be written as:
Gˆ = Λˆ0 + Λˆ · Gˆ
ω − HˆG
(15)
Inserting this result in Eq.8, yields the solution for the
two-point function including correlations from the three-
point function:
Gˆ =
χˆ± + Σˆ0
ω − Hˆ− Σˆ (16)
where the self-energies are defined as Σˆ ≡ Vˆ ·Λˆω−HG and
Σˆ0 ≡ Vˆ ·Λˆ0ω−HG . Equation 16 shows that in general, Σˆ modi-
fies the pole structure of the Green’s function , while Σˆ0
modifies the spectral weight.
Although the formal description of the previous solu-
tions seems quite simple, a full solution can be a chal-
lenging task due to the self-consistency equations, and
in general, one needs to make use of numerical methods.
Nevertheless, it is also possible to obtain some analyti-
cal results by means of perturbative expansions and other
approximation methods. In this work we will focus on the
effect of two-spin correlations, which capture the magnon
quasiparticles. The specific effect of the correlated parts
will be analyzed only for the correction to the longitu-
dinal magnetization, while more general effects will be
discussed in future works.
Correlations for the Quantum Ising model longitudi-
nally coupled to the spin bath: Now we include correla-
tions in the transverse Ising model, as the significance of
this model for current quantum computing architectures
is crucial. The addition of the Fock term modifies the pre-
vious equations of motion, and can couple the Ising and
bath spins. For the case with ~∆ = 0 the main difference
with the previous solution is the change in the quasiparti-
cle excitations, from localized spin flips to magnons with
dispersion relation:
ωk =
√
(MzV0 − ZBAmz)2 +B2 −BMxVk (17)
Notice that the last term vanishes at both fixed points
B = 0 and V = 0, agreeing with the uncorrelated so-
lutions. However, as one interpolates between the two,
the quasiparticles turn mobile and the band structure
becomes dispersive. Results including the Hartree and
Fock terms in the equations of motion are similar to
the Random Phase Approximation (RPA)22. The self-
consistency equations are now:
Mz =
1
2
MzV0 − ZBAmz
1
N
∑
k ωk coth
(
ωk
2T
) (18)
Mx =
1
2
B
1
N
∑
k ωk coth
(
ωk
2T
) (19)
In absence of the spin bath (A = 0), the phase diagram
does not change much with respect to the uncorrelated
result. The critical field Bc shifts towards slightly larger
values, stabilizing the ferromagnetic phase. On the other
hand, this approximation captures that, at the quantum
phase transition, the magnon gap closes, as it can be seen
in the spin-spin correlation function (Fig.2, top). When
the spin bath is included (A 6= 0), the difference between
the uncorrelated and correlated phase diagrams gets re-
duced (see Fig.3, green and blue lines). The reason is
that two-point correlations between Ising spins dominate
near the unperturbed Ising critical point, which is now
shifted. This can be seen in Fig.3, where the main dif-
ferences happen near the Ising critical point Bc ' 1.1V ,
and the two solutions match again for larger B. There-
fore, spin-spin correlations do not change quantitatively
the phase diagram, in the presence of the spin bath. On
the other hand, the effect of the bath in the correlation
functions is more crucial, as it leads to a mode soften-
ing at the critical point. Without the spin bath, the
magnon gap closes, signaling a divergence of the corre-
lation length between Ising spins; however, the presence
of the remnant field produced by the spin bath makes
the gap finite for all B, and the correlation length be-
tween spins remains finite. Furthermore, the effect of a
dynamical bath due to a transverse field ∆ 6= 0 modi-
fies this picture non-trivially. The fact that Eq.17 corre-
sponds to Ising magnons under an effective longitudinal
field ∼ ZBAmz is not a coincidence. When the bath is
static (∆ = 0), system and bath do not get entangled,
but making the bath dynamical (∆ 6= 0) correlates both
systems and modifies the quasiparticle picture. Fig.4
shows the appearance of an electro-nuclear mode with
non-vanishing spectral weight. This mode emerges near
ω ' 0 when κ ≡ ZBZBSA2B∆mxMx 6= 0 and corre-
sponds to a mixture of magnon and bath excitation, as
6Figure 2: Complex part of the bosonic Green’s function
Gz,zk,k (ω) as a function of k and ω. (Top) In absence of the spin
bath, the magnon gap closes at the critical point Bc ' 1.1V .
(Bottom) Gap does not close at the critical point if the longi-
tudinal coupling to the bath is included. We have considered
A = 0.05V and a 1D lattice with ZB = ZBS = 1. The results
are expressed in logarithmic scale to enhance the contrast.
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Figure 3: Mz vs B/V for the Ising model longitudinally cou-
pled to a bath of spins at T = 0. (Green) Uncorrelated solu-
tion for A = 0.05V and ZB = 1. (Blue) RPA solution includ-
ing for A = 0.05V and ZB = 1. (Black) Solution including
correlated parts without the spin bath (A = 0). (Red) So-
lution including correlations for a large spin bath (A = 0.2V
and ZB = 100).
it can be seen from the poles of the Green’s function:
ω˜k = ±
√√√√Ω2 + ω2k
2
±
√
κ+
(
Ω2 − ω2k
2
)2
(20)
Figure 4: Emergence of an electro-nuclear mode at the critical
point when system and bath get correlated due to a finite
∆ = 10−3B.
where Ω =
√
∆2 + Z2BSA
2 (details in the Appendix).
The presence of this mode has been observed in7 and
discussed in detail in ref.22. There it is shown that this
mode does not carry spectral weight unless the bath is
dynamical, and that it allows to recover the QCP. Finally,
we discuss the impact of adding the correlated parts in
the equation of motion. As previously mentioned, their
effect can be incorporated in terms of a self-energy, but
in the general case, the self-energy will be a complicated
function of frequency and momentum. To estimate their
effect we analyze the longitudinal magnetization, which
can be addressed more easily by using the Majorana rep-
resentation for spins23:
Sα = − i
2
αθ1θ2η
θ1ηθ2 (21)
This representation simplifies the self-consistency equa-
tions, and makes the self-energy for the longitudinal mag-
netization Σzz
(
~k, ω
)
a function of ω only. Furthermore,
unlike the Wigner-Jordan transformation, this represen-
tation is local and the separation between correlated and
uncorrelated parts is analogous to the spins case. The
derivation of the equations of motion, as well as the de-
coupling scheme is analogous to the case of the spin rep-
resentation, as described in the Appendix.
The phase diagram including the correlated parts is
shown in Fig.3. In absence of the spin bath (A = 0,
black line), the ferromagnetic phase shrinks and the QCP
shifts to B/V ' 1/2, which is the exact result for the 1D
Ising model. When the spin bath is included (A 6= 0,
red line), the phase boundary shifts towards larger val-
ues of B/V , as it happened in the uncorrelated phase
diagram. However, in this case the remnant magnetic
field produced by the spin bath is highly renormalized
by the correlated parts. This can be seen from the spe-
cific values chosen for the bath in Fig.3 (A = 0.2V and
ZB = 100), which for the uncorrelated solution would
produce a phase boundary shifted towards much larger
values of B/V . Importantly, although the QPT seems to
be recovered when correlated parts are included, this is
7not the case. One can check thatMz (T = 0) = 0 is not a
fixed point of the self-consistency equations, although its
final value is very small due to the large renormalization.
Conclusions: We have shown that a large variety of
spin models interacting with spin baths can be treated
using the equation of motion technique. This approach
allows for non-perturbative solutions, even to lowest or-
der, and using our decoupling scheme one can include
corrections in a systematic way. Neglecting correlations
yields the standard MF solution, while adding the lowest
order correlations between pairs of spins reproduces the
RPA results.
As a concrete example, we have analyzed the Quantum
Ising model coupled to a local bath of spins, where each
Ising spin is coupled to a set of ZB independent spins.
This case is interesting due to the changes produced by
the longitudinal interaction on the critical properties. In
the absence of correlations we have obtained solutions
for arbitrary spin value in the bath, and demonstrated
that a remnant magnetic field produced by the bath can
block the quantum phase transition. When correlations
are included, system and bath quasiparticles can mix,
transforming the standard magnons into electro-nuclear
modes. We have shown that the effect of internal dynam-
ics in the spin bath entangles the system and bath spins,
and that this leads to the emergence of electro-nuclear
modes near the phase transition.
When higher correlations are added (i.e., the corre-
lated parts of the Green’s functions), some quantities are
accurately captured. For the Quantum Ising model we
have obtained the exact critical point in 1D and shown
that the effect of the spin bath gets highly renormalized
by the virtual processes.
Future directions for this work include the study of
more complicated spin models, as for example with trans-
verse terms and dipolar interactions, or considering more
complex connectivity between bath and system (e.g., if
a bath spin can interact with more than a single Ising
spin, the results would appreciably change). To conclude,
effective models of spin systems interacting with local-
ized modes are ubiquitous in experiments at low tem-
perature. Some examples are: dangling bonds24, nuclear
spins7,25,26, paramagnetic impurities27,28, and localized
vibrational modes29. Therefore a a theoretical approach
that allows to systematically study them is very relevant
for the field.
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8Appendix A: Comparison between the uncorrelated and the exact solution for two spins
Here we discuss the limitations of the uncorrelated solution in terms of a two spin system. Consider the next
Hamiltonian:
H = −BxSx −BzSz −∆zIz +AIzSz (A1)
where a single spin is coupled to a single bath spin. The interaction between the two spins is longitudinal and
proportional to A. In addition, the Ising spin has a longitudinal field Bz which mimics the effect of the field produced
by all the other Ising spins in the Ising model, and a transverse field Bx. Also the bath spin can be biased by a
longitudinal field ∆z. The exact calculation is possible due to the small size of the Hilbert space, and the statistical
average for the magnetization of the Ising spin can be obtained analytically:
Mz = Z
−1Tr
{
e−
H
T Sz
}
= e−
∆
2T (A+ 2Bz)
sinh
(√
(A+2Bz)
2+4B2
4T
)
Z
√
(A+ 2Bz)
2
+ 4B2
− e ∆2T (A− 2Bz)
sinh
(√
(A−2Bz)2+4B2
4T
)
Z
√
(A− 2Bz)2 + 4B2
(A2)
where
Z = 2e
∆
2T cosh

√
(A− 2Bz)2 + 4B2x
4T
+ 2e− ∆2T cosh

√
(A+ 2Bz)
2
+ 4B2x
4T
 (A3)
is the partition function. On the other hand, we make use of the self-consistency equations for the magnetization,
obtained from the uncorrelated solutions of the Green’s functions in the main text:
Mz =
Bz −Amz
2
√
B2x + (Bz −Amz)2
tanh

√
B2x + (Bz −Amz)2
2T
 (A4)
Mx =
Bx
2
√
B2x + (Bz −Amz)2
tanh

√
B2x + (Bz −Amz)2
2T
 (A5)
mz =
∆z −AMz
2
√
(∆z −AMz)2
tanh

√
(∆z −AMz)2
2T
 (A6)
The comparison between the two solutions is shown in Fig.5. It shows that in the absence of a transverse field (Bx ' 0)
the longitudinal bath does not affect the Curie temperature, which is missed by the uncorrelated solution. On the
other hand, for non-vanishing transverse field (i.e., when the Ising model becomes “quantum”), the bath modifies the
behavior with temperature, specially in the low temperature regime.
Notice that the exact solution in terms of Green’s functions is also possible in this case, by just including the corre-
lated part. This indicates that the intermediate temperature regime needs to be characterized including correlations
(as one would expect, specially at the Curie temperature, where the correlation length diverges).
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Figure 5: Comparison between the self-consistent solution and the exact calculation. (Left) Case with Bz = 0.1 and Bx = 1,
and (right) case with Bz = 1 and Bx = 0.1. In general, the uncorrelated solution and the exact one, perfectly agree at low and
high temperature, while for intermediate values they differ (for weak A they agree very well in general). When the system is
in the analog of a FM phase, with Bx  Bz (right), the hyperfine coupling (even for large A) would not make an important
change in the Curie temperature (which happens for intermediate values of T ). This is in contrast with the case Bx  Bz
(left), where specially at low T the cases with small and large A are quite different.
Appendix B: Quantum Ising model coupled to a spin bath
The case of the Quantum Ising model is obtained from the general equation of motion by setting By,z = 0, V
x,y
i,j = 0,
∆x,y = 0 and A
x,y
i,l = 0. Furthermore, if the bath spins are static (~∆ = 0), it is useful to consider for its basis the
set of eigenstates |P, Pz〉, where P labels the spin value P ∈
[∣∣∣~P ∣∣∣ , ∣∣∣~P ∣∣∣− 1, . . . , 1/2] and Pz ∈ [P, P − 1, . . . ,−P ] its
projection. Their equation of motion is calculated analogously, from the Heisenberg equation:
∂tOˆ = i
[
H, Oˆ
]
(B1)
The advantage of using this basis is that it allows to calculate the solutions for arbitrary spin value. The Hamiltonian
reads in this basis:
HS = −B
∑
i
Sxi −
∑
i,j>i
Vi,jS
z
i S
z
j −∆z
∑
l
∑
P,Pz
PzX
Pz,Pz
P,l +
∑
i,l
Ai,lS
z
i
∑
P,Pz
PzX
Pz,Pz
P,l (B2)
where
XPz,PzP,l = |P, Pz〉l〈P, Pz|l
is the projector onto the eigenstate of the bath at site l. Neglecting correlations one finds that the average value of
each projector, and the magnetization mzn =
∑
Pz,P
Pz〈XPz,PzP,n 〉 are given by:
〈Xa,aP,n〉 =
e(a−1)
hb
T
2
(
e
hb
T − 1
)2
cosh
[
hb
T
(∣∣∣~P ∣∣∣+ 1)]− cosh ( hb2T ) (B3)
mzn = −
1
4
csch
(
hb
2T
) 3 + cosh (hbT )− 2(2 + ∣∣∣~P ∣∣∣) cosh [ hb2T (1 + 2 ∣∣∣~P ∣∣∣)]+ 2 ∣∣∣~P ∣∣∣ cosh [ hb2T (3 + 2 ∣∣∣~P ∣∣∣)]
cosh
(
hb
2T
)− cosh [hbT (∣∣∣~P ∣∣∣+ 1)] (B4)
where hb (n) = ∆z −
∑
iAi,nM
z
i . This solution is specific for half-integer spins, but the case for integer spins can be
calculated analogously. Finally, we use the solution for the fermionic Green’s function to obtain the self-consistency
equations for the magnetization:
Mz =
hs
2ωs
tanh
( ωs
2T
)
(B5)
Mx =
B
2ωs
tanh
( ωs
2T
)
(B6)
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With these results one can now estimate the Curie temperature and the critical field. For the Curie temperature we
are looking for solutions with B = 0. We consider the case where the bath is unbiased by an external field to simplify
the expressions (∆z = 0). Expanding for small Mz up to third order, and solving for the value of T that makes
Mz = 0, we find:
Tc =
V0
8
+
1
4
√√√√(V0
2
)2
+ ZBZBSA2
1 + 8
∣∣∣~P ∣∣∣+ 4 ∣∣∣~P ∣∣∣2
6
(B7)
It shows that for this approximation, the Curie temperature would increase with all the coordination numbers (re-
member V0 = ZsV ), as well as with the total spin of the bath
∣∣∣~P ∣∣∣ . As discussed in the previous section of the
Appendix, this result is not correct for a local spin bath, because the Curie temperature should not be affected by
the longitudinally coupled bath. The correction is provided by the correlations between the Ising spins and the bath
spins. On the other hand, this model can also have several Ising spins coupled to each bath spin, and in this case the
Curie temperature can be affected. Similarly for the critical field one finds:
Mz '
ZBA
∣∣∣~P ∣∣∣
2
√
B2 +A2
∣∣∣~P ∣∣∣2 Z2B +
B2V0Mz
2
[
B2 +A2
∣∣∣~P ∣∣∣2 Z2B]3/2
+O (M2z ) (B8)
Then Mz = 0 is not a solution due to a remnant magnetization, which saturates for large A B.
Appendix C: Effect of two-spin correlations
In order to include two-point correlations, we include the Fock term in the equation of motion. This couples Green’s
functions at different lattice sites:
ωGα,βn,m = 〈
[
Sαn , O
β
m
]
±〉+ i
∑
µ
µαρ
Bµ +∑
i 6=n
V µi,nM
µ
i −
∑
l
Aµn,lm
µ
l
Gρ,βn,m
+i
∑
µ
µαρM
ρ
n
∑
i 6=n
V µi,nG
µ,β
i,m −
∑
l
Aµn,lY
µ,β
l,m

ωY α,βn,m = 〈
[
Iαn , O
β
m
]
±〉+ i
∑
µ
µαρ
(
∆µ −
∑
i
Aµi,n〈Sµi 〉
)
Y ρ,βn,m − i
∑
µ,i
µαρA
µ
i,n〈Iρn〉Gµ,βi,m
Using a transformation to momentum space, while assuming spatially homogeneous solutions, we find:
ωGα,βk = 〈
[
Sα, Oβ
]
±〉+ i
∑
µ
µαρωs,µG
ρ,β
k + i
∑
µ
µαρMρ
(
V µk G
µ,β
k − ZBAµY µ,βk
)
(C1)
ωY α,βk = 〈
[
Iα, Oβ
]
±〉+ i
∑
µ
µαρωb,µY
ρ,β
k − i
∑
µ
µαρmρZBSA
µGµ,βk (C2)
where ωs,µ = Bµ +
∑
i6=n V
µ
0 Mµ − ZBAµmµ and ωb,µ = ∆µ − ZBSAµMµ.
For the case of the Ising model longitudinally coupled to a bath of spins and ∆x = 0, the poles of the Ising spins
Green’s functions are at:
ωk =
√
B2 + (MzV0 − ZBAmz)2 −BMxVk (C3)
The corresponding self-consistency equations are obtained from the anti-commutator Green’s functions:
Mz =
MzV0 − ZBAmz
2 1N
∑
k ωk coth
(
ωk
2T
) (C4)
Mx =
B
2 1N
∑
k ωk coth
(
ωk
2T
) (C5)
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If the bath is static one can see that the bath occupation probabilities are unchanged and that Ising spins and bath
spins are not entangled.
If the bath has internal dynamics, now driven by ∆x 6= 0, one finds that the poles are not simple Ising magnons
anymore, but combinations of the bath and system excitations:
ω± =
√√√√Ω2 + ω2k
2
±
√
κ+
(
Ω2 − ω2k
2
)2
(C6)
where κ = ZBZBSA2Bx∆xmxMx, ωk =
√
B2x + (Bz + V0Mz − ZBAmz)2 −BxVkMx and Ω =√
∆2x + (∆z − ZBSAMz). Analogously one can calculate the self-consistency equations for the magnetization,
and the correlation functions:
Mz =
ωz
2ξ
, Mx =
Bx
2ξ
(C7)
ξ ≡ 1
N
∑
k
ω+ω−
(
ω2+ − ω2−
)
(1− λk)
[(
Ω2 − ω2−
)
ω+ tanh
(ω−
2T
)− (Ω2 − ω2+)ω− tanh (ω+2T )]
where
λk =
ZBA∆xMx
[
ω− tanh
(ω+
2T
)− ω+ tanh (ω−2T )](
Ω2 − ω2+
)
ω− tanh
(ω+
2T
)− (Ω2 − ω2−)ω+ tanh (ω−2T )
× ZBSABxmx
[
ω− tanh
(ω+
2T
)− ω+ tanh (ω−2T )](
ω2k − ω2+
)
ω− tanh
(ω+
2T
)− (ω2k − ω2−)ω+ tanh (ω−2T )
Therefore the self-consistency equations can be written in an analogous form to the case ~∆ = 0, by just redefining
the function ξ, which contains a mixing term proportional to λk ∝ ZBSZBA2Bx∆xMxmx. Importantly, in this case
the bath-bath correlators are also non-vanishing, as they get entangled through the Ising spins.
Appendix D: Correlated parts
The equations of motion for the correlated parts are obtained analogously, by calculating the Heisenberg equations
of motion:
∂tS
ρ
pS
α
n =
∑
µ,i
Bµ
(
µρθS
θ
pS
α
n + µαθS
ρ
pS
θ
n
)
+
∑
µ
∑
i,j>i
V µi,j
[
µρθ
(
δj,pS
µ
i S
θ
p + δi,pS
θ
pS
µ
j
)
Sαn + µαθS
ρ
p
(
δj,nS
µ
i S
θ
n + δi,nS
θ
nS
µ
j
)]
−
∑
µ
∑
i,l
Aµi,lI
µ
l
(
δp,iµρθS
θ
pS
α
n + δn,iµαθS
ρ
pS
θ
n
)
(D1)
∂tI
ρ
pS
α
n =
∑
µ,θ
µαθBµI
ρ
pS
θ
n + µαθ
∑
µ,θ
∑
i,j>i
V µi,jI
ρ
p
(
δj,nS
µ
i S
θ
n + δi,nS
θ
nS
µ
j
)
+
∑
µ,θ
µρθ∆µI
θ
pS
α
n
−
∑
µ
∑
i,l
Aµi,l
(
δi,nµαθI
µ
l I
ρ
pS
θ
n + δl,pµρθI
θ
pS
α
nS
µ
i
)
(D2)
∂tI
ρ
pI
α
n =
∑
µ
(
∆µ −
∑
i
Sµi
)(
µρθA
µ
i,pI
θ
pI
α
n + µαθA
µ
i,nI
ρ
pI
θ
n
)
(D3)
The correlated part of the Green’s functions are obtained subtracting the uncorrelated contributions. For example for
the case of Gρα,βpn,m one has i∂tGρα,βpn,m = i∂tGρα,βpn,m − i〈Sρp〉∂tGα,βn,m − i〈Sαn 〉∂tGρ,βp,m. Finally, separating into uncorrelated
12
and correlated parts, and neglecting higher order correlators, one finds:
ωGρα,βpn,m ' 〈
[
SρpS
α
n , O
β
m
]
±〉 − 〈Sρp〉〈
[
Sαn , O
β
m
]
±〉 − 〈Sαn 〉〈
[
Sρp , O
β
m
]
±〉
+i
∑
µ,θ
µρθBµGθα,βpn,m + i
∑
µ,θ
µαθBµGρθ,βpn,m
+i
∑
µ
µρθ
∑
i6=p,n
V µi,p
(
〈Sµi Sαn 〉cGθ,βp,m + 〈SαnSθp〉cGµ,βi,m + 〈Sµi 〉Gθα,βpn,m + 〈Sθp〉Gµα,βin,m
)
+i
∑
µ
µαθ
∑
i 6=p,n
V µi,n
(
〈Sµi Sρp〉cGθ,βn,m + 〈SρpSθn〉cGµ,βi,m + 〈Sµi 〉Gρθ,βpn,m + 〈Sθn〉Gµρ,βip,m
)
−i
∑
µ
µρθ
∑
l
Aµp,l
(
〈Sαn Iµl 〉cGθ,βp,m + 〈SαnSθp〉cY µ,βl,m + 〈Iµl 〉Gθα,βpn,m + 〈Sθp〉Yµα,βln,m
)
−i
∑
µ
µαθ
∑
l
Aµn,l
(
〈SρpIµl 〉cGθ,βn,m + 〈SρpSθn〉cY µ,βl,m + 〈Iµl 〉Gρθ,βpn,m + 〈Sθn〉Yµρ,βlp,m
)
+
i
4
∑
θ
αρθ
(
V αn,pG
θ,β
p,m − V ρp,nGθ,βn,m
)
−i
∑
µ,θ
ρµθV
θ
n,p
(〈Sαn 〉〈Sµp 〉Gθ,βn,m + 〈Sαn 〉〈Sθn〉Gµ,βp,m + 〈Sθn〉〈Sµp 〉Gα,βn,m)
+i
∑
µ,θ
αµθV
µ
p,n
(〈Sρp〉〈Sµp 〉Gθ,βn,m + 〈Sρp〉〈Sθn〉Gµ,βp,m + 〈Sθn〉〈Sµp 〉Gρ,βp,m)
Similarly for the other Green’s functions:
ωYρα,βpn,m ' 〈
[
IρpS
α
n , O
β
m
]
±〉 − 〈Iρp 〉〈
[
Sαn , O
β
m
]
±〉 − 〈Sαn 〉〈
[
Iρp , O
β
m
]
±〉
+i
∑
µ,θ
(
µαθBµYρθ,βpn,m + µρθ∆µYθα,βpn,m
)
+i
∑
µ,θ
µαθ
∑
i 6=n
V µn,i
(
〈IρpSµi 〉cGθ,βn,m + 〈IρpSθn〉cGµ,βi,m + 〈Sθn〉Yρµ,βpi,m + 〈Sµi 〉Yρθ,βpn,m
)
−i
∑
µ,θ
µαθ
∑
l 6=p
Aµn,l
(
〈IρpIµl 〉cGθ,βn,m + 〈IρpSθn〉cY µ,βl,m + 〈Iµl 〉Yρθ,βpn,m + 〈Sθn〉Wµρ,βlp,m
)
−i
∑
µ,θ
µρθ
∑
i6=n
Aµi,p
(
〈IθpSµi 〉Gα,βn,m + 〈IθpSαn 〉cGµ,βi,m + 〈SαnSµi 〉cY θ,βp,m + 〈Iθp 〉Gµα,βin,m + 〈Sµi 〉Yθα,βpn,m
)
−i
∑
µ,θ
µαθA
µ
n,p
[(〈Iµp Iρp 〉 − 〈Iρp 〉〈Iµp 〉)Gθ,βn,m + 〈Sθn〉 (Wµρ,βpp,m − 〈Iρp 〉Y µ,βp,m)]
−i
∑
µ,θ
µρθA
µ
n,p
(〈Iθp 〉Gαµ,βnn,m − 〈Sαn 〉〈Iρp 〉Gµ,βn,m + 〈SαnSµn〉Y θ,βp,m − 〈Sαn 〉〈Sµn〉Y ρ,βp,m)
The two-bath spins correlation function is also needed:
ωWρα,βpn,m = 〈
[
IρpI
α
n , O
β
m
]
±〉 − 〈Iρp 〉〈
[
Iαn , O
β
m
]
±〉 − 〈Iαn 〉〈
[
Iρp , O
β
m
]
±〉
+i
∑
µ
µρθ
[
∆µWθα,βpn,m −
∑
i
Aµi,p
(
〈Iαn Iθp 〉cGµ,βi,m + 〈IαnSµi 〉cY θ,βp,m + 〈Iθp 〉Yαµ,βni,m + 〈Sµi 〉Wθα,βpn,m
)]
+i
∑
µ
µαθ
[
∆µWρθ,βpn,m −
∑
i
Aµi,n
(
〈IρpIθn〉cGµ,βi,m + 〈IρpSµi 〉cY θ,βn,m + 〈Iθn〉Yρµ,βpi,m + 〈Sµi 〉Wρθ,βpn,m
)]
These set of equations of motion provides very complex expressions for the self-energy, and their role will be analyzed
in future publications, however to estimate their contribution, we consider the specific case of the correction to the
longitudinal magnetization. Furthermore, we rewrite these equations of motion in terms of Majorana fermions to
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simplify the self-consistency equations:
Sαn = −
i
2
αθ1θ2η
θ1
n η
θ2
n (D4)
Iαn = −
i
2
αθ1θ2γ
θ1
n γ
θ2
n (D5)
ηαn being a Majorana fermion at site n that fulfills the usual anti-commutation relation for fermions, and in addition
η2 = 1/2. Similarly the γαn refer to the Majorana fermions for the bath spins. The Green’s functions required for the
calculation of the magnetization Mαn = − i2αθ1θ2〈ηθ1n ηθ2n 〉 are:
Gα,βn,m (t, t
′) = −i〈ηαn (t) ; ηβm (t′)〉 (D6)
Pα,βn,m (t, t
′) = −i〈γαn (t) ; γβm (t′)〉 (D7)
The longitudinal magnetization is obtained from the diagonal two-point function, with equation of motion:
ωGα,βn,n = δα,β + iµαθh
µ
s (n)G
θ,β
n,n (D8)
+
1
2
µαθνθ1θ2
∑
i 6=n
V µ,νn,i Gθ1θ2θ,βiin,n
−1
2
µαθνθ1θ2
∑
l
Aµ,νn,l Yθ1θ2θ,βlln,n
which also requires the calculation of the bath spins Green’s function:
ωPα,βl,l = δα,β + iµαθh
µ
b (l)P
θ,β
l,l (D9)
−1
2
µθ1θ2ναθ
∑
i
Aµ,νi,l Rθ1θ2θ,βiil,l
where we have defined hµs (n) = Bµ+
∑
i6=n V
µ,ν
n,i M
ν
i −
∑
lA
µ,ν
n,lm
ν
l , h
µ
b (l) = Bµ−
∑
iA
ν,µ
i,l M
ν
i , and Yθ1θ2θ,βlln,n andRθ1θ2θ,βiil,l
are the correlated parts of the mixed-Green’s functions Y θ1θ2θ,βlln,n = −i〈γθ3l γθ4l ηθ1n ; ηβn〉 and Rθ1θ2θ,βiil,l = −i〈ηθ1i ηθ2i γθl ; γβl 〉,
respectively.
To lowest order one recovers the MF expressions presented in the first sections of the main text. In this case, as
we are calculating the diagonal Green’s function Gα,βn,n, there is no contribution from a Fock term to lowest order, and
the contribution from magnons comes in from the correlated parts. Their equations of motion are:
ωGσ1σ2α,βppn,n = −i
∑
µ
Bµ
(
µθσ1Gθσ2α,βppn,n + µθσ2Gσ1θα,βppn,n + µθαGσ1σ2θ,βppn,n
)
+
1
2
∑
µ,ν
νθ1θ2
∑
k
Aµ,νp,k µθσ1
(
〈γθ1k γθ2k 〉Gθσ2α,βppn,n + 〈ηθpησ2p 〉Yθ1θ2α,βkkn,n
)
+
1
2
∑
µ,ν
νθ1θ2
∑
k
Aµ,νp,k µθσ2
(
〈γθ1k γθ2k 〉Gσ1θα,βppn,n + 〈ησ1p ηθp〉Yθ1θ2α,βkkn,n
)
+
1
2
∑
µ,ν
νθ1θ2
∑
k
Aµ,νn,kµθα
(
〈γθ1k γθ2k ησ1p ησ2p 〉CGθ,βn,n + 〈γθ1k γθ2k 〉Gσ1σ2θ,βppn,n
)
−1
2
∑
µ,ν
µθ1θ2
∑
i6=p,n
V µ,νi,p νθσ1
(
〈ηθ1i ηθ2i 〉Gθσ2α,βppn,n + 〈ηθpησ2p 〉Gθ1θ2α,βiin,n
)
−1
2
∑
µ,ν
µθ1θ2
∑
i6=p,n
V µ,νi,p νθσ2
(
〈ηθ1i ηθ2i 〉Gσ1θα,βppn,n + 〈ησ1p ηθp〉Gθ1θ2α,βiin,n
)
−1
2
∑
µ,ν
µθ1θ2
∑
i6=p,n
V µ,νi,n νθα
(
〈ησ1p ησ2p ηθ1i ηθ2i 〉CGθ,βn,n + 〈ηθ1i ηθ2i 〉Gσ1σ2θ,βppn,n
)
−1
2
∑
µ,ν
µθ1θ2V
µ,ν
n,p
(
νθσ1〈ηθpησ2p 〉+ νθσ2〈ησ1p ηθp〉
) (
Gθ1θ2α,βnnn,n − 〈ηθ1n ηθ2n 〉Gα,βn,n
)
−1
2
∑
µ,ν
µθ1θ2νθαV
µ,ν
p,n
(〈ησ1p ησ2p ηθ1p ηθ2p 〉 − 〈ησ1p ησ2p 〉〈ηθ1p ηθ2p 〉)Gθ,βn,n
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ωYσ1σ2α,βlln,n = −i
∑
µ
BµµθαYσ1σ2θ,βlln,n − i
∑
µ
∆µ
(
µθσ1Yθσ2α,βlln,n + µθσ2Yσ1θα,βlln,n
)
−1
2
∑
µ,ν
µθ1θ2νθα
∑
i 6=n
V µ,νi,n
(
〈γσ1l γσ2l ηθ1i ηθ2i 〉CGθ,βn,n + 〈ηθ1i ηθ2i 〉Yσ1σ2θ,βlln,n
)
+
1
2
∑
µ,ν
νθ1θ2µθα
∑
r 6=l
Aµ,νn,r
(
〈γσ1l γσ2l γθ1r γθ2r 〉CGθ,βn,n + 〈γθ1r γθ2r 〉Yσ1σ2θ,βlln,n
)
+
1
2
∑
µ,ν
µθ1θ2
∑
i 6=n
Aµ,νi,l νθσ1
(
〈γθl γσ2l 〉Gθ1θ2α,βiin,n + 〈ηθ1i ηθ2i 〉Yθσ2α,βlln,n
)
+
1
2
∑
µ,ν
µθ1θ2
∑
i 6=n
Aµ,νi,l νθσ2
(
〈γσ1l γθl 〉Gθ1θ2α,βiin,n + 〈ηθ1i ηθ2i 〉Yσ1θα,βlln,n
)
+
1
2
∑
µ,ν
µθ1θ2A
µ,ν
n,l
(
νθσ1〈γθl γσ2l 〉+ νθσ2〈γσ1l γθl 〉
)
Gθ1θ2α,βnnn,n
+
1
2
∑
µ,ν
νθ1θ2µθαA
µ,ν
n,l
(
〈γσ1l γσ2l γθ1l γθ2l 〉 − 〈γσ1l γσ2l 〉〈γθ1l γθ2l 〉
)
Gθ,βn,n
ωRσ1σ2α,βppl,l = −i
∑
µ
Bµ
(
µθσ1Rθσ2α,βppl,l + µθσ2Rσ1θα,βppl,l
)
− i
∑
µ
∆µµθαRσ1σ2θ,βppl,l
−1
2
∑
µ,ν
µθ1θ2
∑
i 6=p
V µ,νi,p νθσ1
(
〈ηθ1i ηθ2i 〉Rθσ2α,βppl,l + 〈ηθpησ2p 〉Rθ1θ2α,βiil,l
)
−1
2
∑
µ,ν
µθ1θ2
∑
i 6=p
V µ,νi,p νθσ2
(
〈ηθ1i ηθ2i 〉Rσ1θα,βppl,l + 〈ησ1p ηθp〉Rθ1θ2α,βiil,l
)
+
1
2
∑
µ,ν
µθ1θ2
∑
i 6=p
Aµ,νi,l νθα
(
〈ησ1p ησ2p ηθ1i ηθ2i 〉CP θ,βl,l + 〈ηθ1i ηθ2i 〉Rσ1σ2θ,βppl,l
)
+
1
2
∑
µ,ν
νθ1θ2
∑
r 6=l
Aµ,νp,r µθσ1
(
〈ηθpησ2p 〉Pθ1θ2α,βrrl,l + 〈γθ1r γθ2r 〉Rθσ2α,βppl,l
)
+
1
2
∑
µ,ν
νθ1θ2
∑
r 6=l
Aµ,νp,r µθσ2
(
〈ησ1p ηθp〉Pθ1θ2α,βrrl,l + 〈γθ1r γθ2r 〉Rσ1θα,βppl,l
)
+
1
2
∑
µ,ν
µθ1θ2A
µ,ν
p,l νθα
(〈ηθ1p ηθ2p ησ1p ησ2p 〉 − 〈ησ1p ησ2p 〉〈ηθ1p ηθ2p 〉)P θ,βl,l
+
1
2
∑
µ,ν
νθ1θ2A
µ,ν
p,l
(
µθσ1〈ηθpησ2p 〉+ µθσ2〈ησ1p ηθp〉
) (
Pαθ1θ2,βlll,l − 〈γθ1l γθ2l 〉Pα,βl,l
)
ωPσ1σ2α,βrrl,l = −i
∑
µ
∆µ
(
µθσ1Pθσ2α,βrrl,l + µθσ2Pσ1θα,βrrl,l + µθαPσ1σ2θ,βrrl,l
)
+
1
2
∑
µ,ν
µθ1θ2
∑
i
Aµ,νi,r νθσ1
(
〈ηθ1i ηθ2i 〉Pθσ2α,βrrl,l + 〈γθrγσ2r 〉Rθ1θ2α,βiil,l
)
+
1
2
∑
µ,ν
µθ1θ2
∑
i
Aµ,νi,r νθσ2
(
〈ηθ1i ηθ2i 〉Pσ1θα,βrrl,l + 〈γσ1r γθr 〉Rθ1θ2α,βiil,l
)
+
1
2
∑
µ,ν
µθ1θ2νθα
∑
i
Aµ,νi,l
(
〈ηθ1i ηθ2i γσ1r γσ2r 〉CP θ,βl,l + 〈ηθ1i ηθ2i 〉Pσ1σ2θ,βrrl,l
)
with the addition of the exact equation:
Gxyz,βnnn,n (ω) =
i
ω
(δx,βMx + δy,βMy + δz,βMz) (D10)
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These equations are exactly solved for the case of the quantum Ising model in the main text. Finally, we solve the
self-consistency equations numerically, until full convergence. This produces the phase diagram shown in Fig.3.
